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We propose a linear compression technique for the time interval distribution of photon pairs.
Using a partially frequency-entangled two-photon (TP) state with appropriate mean time width, the
compressed TP time interval width can be kept in the minimum limit set by the phase modulation,
and is independent of its initial width. As a result of this effect, ultra-narrow TP time interval
distribution can be compressed with relatively slow phase modulators to decrease the damage of the
phase-instability arising from the phase modulation process.
PACS numbers: 42.50.Xa, 42.50.Dv, 42.50.Ct, 42.65.Lm
In some applications, including quantum positioning
systems and quantum clock synchronization[1–3], the
time intervals between two photons are employed as the
precise timing information carriers. The experimental
precision is directly linked to the width of the TP time
interval distribution, i.e., the TP correlation time. How-
ever the temporal shape of photon pairs inherently has
a certain width mainly owing to the bandwidth limit of
the phase matching condition in the pair generation. Be-
sides, the narrow temporal shape of photon pairs is very
sensitive to the group velocity dispersion (GVD) in the
propagation of the photons[4]. Therefore, in order to
keep the TP correlation time in a narrow range, it is
very important to develop a compression technology for
TP time interval distribution.
The linear pulse compression technique with external
phase modulation (PM) has been proposed for compress-
ing optical pulses long ago[5]. In this technique, the
frequency-broadening and the subsequent temporal com-
pression effect of the pulses are obtain by the PM and
dispersion compensation (DC) respectively. The phase
modulator is adjusted to keep the truncation of the phase
shift φ (t) imposing on the pulses to second order effec-
tive, which is the linear compression condition. This ar-
rangement has avoided unnecessary complexity, since the
frequency-broadening of the pulses mainly origins from
the second-order term and the spectral phase arising from
higher-order terms is hard to be compensated by GVD.
The optimal compression ratio with respect to DC is
given by
√
1 + 4µ2τ4, where τ is the pulse width and
µ = d
2φ(t)
dt2 is the so-called linear chirp rate. In order
to obtain large µ in the effective range of the pulses, the
pulses are usually arranged to centrally coincide with the
peaks or valleys of φ (t). The effective varying speed of
the phase modulators will sets a minimum limit for com-
pressible pulse width[6].
In principle, by independently compressing the sig-
nal and idler photons, one can access to the compres-
sion of the time interval distribution. However, on one
hand, spontaneous parametric down-conversions (SPDC)
in an aperiodically poled crystal has been demonstrated
to generate chirped biphotons (i.e., strictly frequency-
correlated photon pairs) with a large bandwidth[7–9].
Bihotons with femtosecond (fs) correlation time are
obtained by compensating the inhomogeneous spectral
phase with GVD. On the other hand, the optimal achiev-
able measuring precision of TP correlation is also in the
fs range[10]. Therefore, significative compression tech-
nique for TP time interval distribution should able to
compress fs pulses. However, in the PM process of ul-
trashort pulses, the phase-instability between the probe
radiation and the time-varying electric susceptibility is a
ineluctable critical problem, especially in the current case
that the TP radiation acts as precise timing information
carriers, although it can be restrained with special ar-
rangements in the single pulse case[11].
In this letter, we propose a scheme to solve this prob-
lem and then access to the effective linear compression
of TP time interval distribution. We first identify the
optimal compression of TP correlation time with a gen-
eral chirp-dispersion interaction mechanism. Under the
optimal condition, we find the compression ratio takes a
form similar to that in the case of single pulses. Merely
the analogous role of the pulse width is replaced by the
geometric mean of the TP correlation time and TP mean
time width, which means that the compressed TP corre-
lation time is independent of the initial one. As a result
of this difference, ultrashort TP correlation time can be
compressed with a slowly varying phase modulator to
decrease the damage of the phase-instability in the PM
process, by adjusting the trivial TP mean time width to
match the PM to acquire enough modulation depth. An
illustrative example is considered, in which the fs corre-
lation time of the photon pairs generated by SPDC is
compressed several times with with the phase modula-
tors whose characteristic time is typically in the picosec-
ond (ps) range. As a comparison, the single pulses with
such narrow coincidence distribution width are almost
immune to the PM.
Our theoretical analysis is divided into two steps: PM
and DC (see Fig. 1(a)). We begin with a general TP
state,
|ψ〉 ∝
∫ ∫
dωsdωif (ωs, ωi) |Ω0 + ωs,Ω0 + ωi〉, (1)
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2where ωr equals (Ωr − Ω0) with the signal and idler fre-
quency Ωr, r = s, i, and the common central frequency
Ω0. Since in general the photon pairs generated by SPDC
really have common central frequency and their Sinc-
function-type spectral shape can be approximatively re-
placed by a Gaussian one. We restrict our attentions to
the TP states with symmetric TP frequency amplitude,
i.e.,
f (ωs, ωi) = exp
(
−1
2
τ21ω
2
1 −
1
2
τ22ω
2
2
)
, (2)
where ωj =
ωs+(−1)jωi√
2
, j = 1, 2 and the other parameters
are constants. The frequency is strictly correlated and
anti-correlated at the zero and infinite limits of the ratio
R = τ2/τ1 respectively.
As the time wave function of TP state, TP temporal
amplitude is convenient to be employed to describe PM
process. The TP temporal amplitude of the state |ψ〉 is
defined as
A (ts, ti) = 〈0|Eˆ(+)s (ts) Eˆ(+)i (ti) |ψ〉, (3)
where Eˆ
(+)
r (tr) ∝
∫
dΩraˆr (Ωr) exp (−iΩrtr) , r = i, s is
the electric field operator, and aˆr (Ωr) is the annihilation
operator. The TP correlation function of the state is
given by |A (ts, ti)|2. Under the linear compression con-
dition, the phase shifts imposing on the signal and idler
photons by phase modulators, φr (tr), can be truncated
to second-order terms. Then the PM process is equiva-
lent to multiply the TP temporal amplitude by a factor,
exp
(
i
µst
2
s+µit
2
i
2
)
, where µr =
d2φr(tr)
dt2r
is the linear chirp
rate. The lower-order terms of φr (tr)’s are ignored since
they only contribute to constant phase and overall fre-
quency shifts.
The chronocyclic Wigner function, whose definition for
the state |ψ〉 is given by,
W (ts, ωs; ti, ωi) = 1
(2pi)
2
∫ ∫
dτsdτiA∗
(
ts − τs
2
, ti − τi
2
)
×A
(
ts +
τs
2
, ti +
τi
2
)
eiωsτs+iωiτi ,
(4)
is directly mapped into TP correlation function by its in-
tegration over the frequency plane. The dispersion pro-
cess is described by multiplying the TP frequency ampli-
tude with a factor exp
(
i
βsω
2
s+βiω
2
i
2
)
, where the disper-
sion parameter βr is the product of GVD and the propa-
gation length of photons in the dispersive system, such as
two dispersive media. Interestingly, the influences of the
dispersion process can be manifested by the translations:
tr → tr + βrωr, r = s, i, on the time-frequency plane of
the chronocyclic Wigner function[12].
The TP correlation time Tc can be defined as the root-
mean square (r.m.s.) width of the relative time variable,
(ts − ti), under the TP correlation distribution[13], and
can be measured by a coincidence measurement[13], as
shown in Fig. 1(a). Unless otherwise specified, all time
widthes in this letter refer to the r.m.s. type. For the
state |ψ〉 in Eq. (1)-(2), the initial TP correlation time
Tc,i is 2τ1. Then the TP correlation time after the PM
and dispersion process, Tc,f , is given by the width of the
cross variable, (ts − βsωs − ti + βiωi), calculated before
the dispersion processes. After some calculations, we de-
rive the form of Tc,f ,
Tc,f = 2
√√√√τ21 + 12
2∑
j=1
β2j
[
1
τ23−j
+
1
2
(
µ21τ
2
j + µ
2
2τ
2
3−j
)]− β1µ1τ21 − β2µ2τ21 + 12β1β2µ1µ2 (τ21 + τ22 ), (5)
where sj =
ss−(−1)jsi√
2
, s = µ, β.
In principle, the dispersion parameters have on restric-
tive conditions. We first consider the maximal value of
Tc,f , Tc,f,d, with respect to the optimal CD for arbi-
trary PM. According to Eq. (4), Tc,f relies on a binary
quadratic equation of βj ’s. The first derivative of the
function is set to zero to find the maximal value of Tc,f .
Here the compression ratio, Tc,i/Tc,f,d, takes the form,
Rcd =
√
(1 +R2)
2
(x+ y)
2
+ 4 (1−R2xy)2
R2 (1 +R2) (x+ y)
2
+ 4 (1−R2xy) , (6)
where x = µsτ
2
1 and y = µiτ
2
1 are the dimensionless linear
chirp rates.
The inverse of Rcd, as a function of x and y, is de-
picted in Fig. 1(b)-(d) with respect to R = 1 (b), R = 4
(c), R = 16 (d). From the plots, we find the values of
1/Rcd always drop fastest along the line x + y = 0. Be-
sides, the relative falling speed along this line increases
with R increasing. In fact, as R  1, Rcd approximates
to
√
1 + 4x2y2/ (x+ y)
2
, which amounts to the compres-
sion ratio even plunges near this line. It means that the
optimal PM process is to make the linear chirp rates of
the photon pairs have opposing values. With this ar-
rangement, i.e., µs = −µi, the optimal compression ratio
3FIG. 1. (color online). (a) A schematic diagram of the
linear compression of photon pairs. PM (phase modulation)
and DC (dispersion compensation) are two main steps in our
arrangement. For intuitiveness, we plot the source as SPDC
in a nonlinear crystal (NLC) and measurement system as a
standard TP coincidence measurement, where CC denotes a
coincidence counter, D1 and D2 denotes detectors. As shown
in the plot, the chirp and dispersion parameters are opposing
in the two paths. (b)-(d): The inverse of the compression
ratio, 1/Rcd, as a function of x and y, with R = 1 (b), R = 4
(c) and R = 16 (d). It’s shown that the values of 1/Rcd
always drops fastest along the line x + y = 0. Besides, the
relative falling speed along this line is increase with R.
Rcopt is given by,
Rcopt =
√
1 + µ2τ21 τ
2
2 . (7)
The dispersion parameters need be set as, βs = −βi =
β =
µτ21 τ
2
2
µ2τ21 τ
2
2+1
. The dispersion completely compensates
the spectral phase introduced in the PM process.
The interference dip width of HOM interference is also
usually used to characterize the width of TP time inter-
val distribution[14]. The normalized coincidence count-
ing rate Rn(τ) can be written as
Rn (τ) = 1−ξ
∫
dt1dt2A (t1, t2)A∗
(√
2τ − t1, t2
)
, (8)
where A (t1, t2) is an alternative form of A (ts, ti) with
the cross variables tj =
ts+(−1)jti√
2
, j = 1, 2, τ is the rela-
tive delay between signal and idler paths. The dip width
of Rn(τ), which is also referred as to TP coherence time,
is related to the overlap of the TP temporal amplitude
and the time reversal of its conjugate. The general anal-
ysis of the linear compression of TP coherence time is
complicated, but its compression ratio under the optimal
compression condition referred above is also given by Eq.
(6). Then the subsequent discussion for TP correlation
are also suitable for it.
In the separable case that τ1 = τ2 =
√
2τ , the optimal
compression ratio Rcopt transfers to that of the coinci-
dence distribution width of two independent pulses with
a width τ , which is the classical analogs of TP corre-
lation time[15]. Therefore, the classical linear compres-
sion of two independent pulses is a special case of the
linear compression of entangled photon pairs. In the sin-
gle pulse case, the compressed pulse width approximates
to 1/2µτ , which is anti-proportional to the initial pulse
width τ . It means that the attainable compressed shape
of a long pulse is narrower than that of a short pulse[6].
Besides, when the phase modulators vary so slow that
the chirp rate µ is relatively small compared with 1/2τ2,
the pulses can’t be effectively compressed.
In contrast, the optimal compressed TP correlation
time approximates to 1/µτ2, which is independent of the
initial width 2τ1. This makes our scheme very suitable
for keeping the TP time interval width in a narrow range.
Besides, even if when we employ slowly varying phase
modulators so that the chirp rate µ is relatively small
compared with 1/τ21 , the compression ratio Rcopt may
still has a considerable value if τ2 is selected to be far
larger then τ1. Since if the interval between the time-
origin of the probe TP radiation and the PM process
randomly shifts δ, the phase and frequency of the elec-
tric field operator Eˆ
(+)
r (tr) shift µδ and µδ
2/2 respec-
tively. The use of slowly varying phase modulators will
decrease the damage of the phase-instability. Certainly,
since when τ2 far larger than τ1, the TP temporalampli-
tude has a long narrow shape along the line ts − ti = 0,
and the amplitude of the signal and idler radiation has a
width approximating τ2. The phase modulators should
have a long characteristic time to ensure the effective
modulation depth, µτ22 /2, has a value larger compared
with µ/τ21 , when τ2 accesses to the limit set by the linear
compression condition. Tt means that the compressible
TP correlation for a phase modulator has a certain limit.
The phase variation generated by the phase modula-
tors meeting the condition µs = −µi, can be shown by
the function, cos (µt1t2), which is potted as the back-
ground of Fig. 2(a). The phase shift of an entangled TP
temporal amplitude, exp
(
− t21
2τ21
− t22
2τ22
)
, with τ2 > τ1, is
shown by the fluctuation density in the solid elliptical
ring. That of a separable TP temporal amplitude with
similar shape is shown by the dashed ring. For the en-
tangled one, no matter how small µ is or how narrow the
width with respect to the cross variable t1 is, we always
can obtain considerable modulation in the relative time
direction by increasing τ2. But for the separable one,
the phase shifts along the two main axes are indepen-
dent. This suggests the effect referred in the above para-
graph relies on the non-locality of the TP state. Com-
paring with nonlocal dispersion cancellation and non-
local PM effects, which are based on strict frequency-
correlation[15, 16], the phenomenon here idicates a ap-
plicable nonlocal effect for the chirp-dispersion response
of photon pairs based on partially frequency-correlation.
4FIG. 2. (color online).(a) The background shows the func-
tion, cos (µt1t2). The red solid and dashed elliptical rings
indicate the effective ranges of an entangled TP temporal
amplitude and a separable one respectively. (b) The time-
varying refractive index n (t) of the CO2 gas. The time-origin
is decided by the pump pulses. (c) The joint spectral inten-
sity of the photon pairs. (d) The blue solid line indicates the
common initial shape of the conditional distribution of t1 for
the photon pairs and the relative intensity distribution of the
single pulses. The red doted-dashed line and red dashed line
respectively indicate their compressed shapes.
We analyse a practical example with the optimal com-
pression condition. The type-II SPDC in a 1mm long
KDP crystal that pumped by 0.22ps pulses is used to
generate entangled photon pairs[17]. The joint spectral
shape, which is shown in Fig. 2(c), is close to that char-
acterized by Eq. (2). The analogous ratio of R is about
7. The TP correlation time Tc is about 63.3fs. The ro-
tationally exited CO2 molecules are employed as phase
modulators[6]. The probe-pump geometric arrangements
and the parametric settings are identical with those in the
Ref.[6]. The calculation of the time-varying refractive in-
dex is based on the calculation of that of the linear molec-
ular gases in the Ref. [18]. The characteristic time of the
modulators is typically in ps range, as shown in Fig. 2(b).
The signal and idler photons are adjusted to centrally co-
incide with the first- and third-partial rotational revivals
to simulate the optimal PM process. In order to gener-
ate tunable dispersion parameters, one can use the setup
proposed in the Ref. [19]. In our calculation, the disper-
sion parameters are set to ±2400fs2. The distribution of
t1 with t2 = 0, whose width is about Tc/
√
2, is depicted
in Fig. 2(d) with the blue solid line. The compressed dis-
tribution corresponds to the red doted-dashed line, which
means that that Tc is compressed about 2.3 times. As a
comparison, we consider the optimal compression of the
pulses whose coincidence distribution width is identical
with Tc. The compressed intensity distribution of the
pulses are shown by the red dashed line. From the plot,
we find the pulses have nearly no change.
In conclusion, we develop a technique for linearly com-
pressing TP time interval distribution. It’s shown that,
under certain conditions, the modulation of TP relative
time variable via the PM can be non-locally enhanced by
stretching TP mean time distribution. Therefore, using
entangled TP state with appropriate mean time width,
the compressed TP time interval width can be kept in
the minimum limit set by the phase modulation. On one
hand, this effect enables us to use relatively slow phase
modulators in the compression of ultra-narrow TP time
interval distribution to decrease the damage of the phase-
instability arising from the PM process. On the other
hand, it may provide new insights into the non-locality
of TP state. Our work may open up a new road to the
application in quantum physics for PM techniques.
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